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 ! ! ! ! ! THEMEN

! 1!  1. Nov.! 2006! VL! Introduction - History
! 2!  8. Nov.! 2006! VL! Principles of experimental rock deformation
! 3! 15. Nov.!2006! P! Deformation experiment in the brittle field
! 4! 22. Nov.!2006! VL! Mechanics: stress - strain - material properties
! 5! 29. Nov.!2006! VL+P! Data reduction
! 6!  6. Dez.! 2006! VL! Failure criteria - Mohr Coulomb - Griffith
! 7! 13. Dez.!2006! ! fällt aus - Themen für Essays

! 8! 20. Dez.!2006! ! MIDTERM

! 9! 10. Jan.! 2007! VL! Friction - Earth quakes
! 10! 17. Jan.! 2007! P! Grain size - Fractals - shape
! 11! 24. Jan.! 2007! VL! Brittle - Ductile
! 12! 31. Jan.! 2007! P! Cataclasis - Healing - Faulting -  B/D
! 13!  7. Feb.! 2007! VL! Flow laws - Deformation mechanism maps

! 14! 14. Feb.! 2007! Ue! Final Discussion EVALUATION

!  ! 7. März! 2007! ! Abgabe Essay

2



1
Intro - History

3



Processes

4



Properties

5



Crustal section
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EXTRAPOLATION

Natural and experimental microstructures of deformed rocks look very much 
alike; microstructures form a link between nature and experiment, between natural 
and experimental rock deformation. It is on the basis of this similarity that we are 
confident that mechanical data obtained in the laboratory can be extrapolated to 
nature, and that inspection of natural microstructures may guide us towards 
meaningful experiments.

Terminology:
Deformation mechanisms describe how bulk rocks deform in response to 
pressure, temperature stress level, strain rate, pore pressure etc.
One or more phases and one or more processes may be involved

Example: 
The deformation mechanisms called "Pressure solution" involves (at least) three 
processes: solution of material, transport of solute from source to sink, 
precipitation of material.
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I, II =  processes

T1 low deformation temperature

T2 high deformation temperature

Problem of extrapolation:
Strain rate dependence of a deformation mechanisms (DM) at two different temperatures, T, where T1 < 
T2.  The DM is composed of two processes, I and II, which show different strain rate dependencies.  At 
(low) natural strain rates, process II is more competitive, requiring lower flow stress than process I.  At 
(high) laboratory strain rates and high temperatures, the same is true. But at (high) laboratory strain 
rates and low temperatures, process I outweighs process II. In this case, extrapolation of high T 
experiments yields correct predictions for natural flow stresses, whereas low T experiment predict 
natural flows stresses which are too high.
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Theodore von Karman, 1881 - 1963
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David Tressel Griggs, 1911 - 1974
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Frances Robertson Handin, 1923 - 2006

http://geoweb.tamu.edu/tectono/facilities/facilities.html
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Mervyn Silas Paterson, 1925 - 
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Jan Tullis, 1943 - 
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Holger Stünitz, 1956 - 
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Schematic of deformation apparatus

Controlled variables:

- confining pressure
- temperature
- displacement rate or load

piston

pressure vessel

pressure medium

sample
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States of stress (Mohr cirlcle)

Loading

experimental                        proportional (nature)

in rock deformation:
!
compressive > 0   tensile < 0
σ1 ≥ σ2 ≥ σ3
shear component! τ
normal component! σ
mean stress! σ = 1/3 · σii
confining pressure! pc = σ3
differential stress! Δσ = σ1 - σ3
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Types of experiments
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Types of experiments
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GAS DEFORMATION APPARATUS

POTSDAM  Experimental Rock Deformation Laboratory
http://www.gfz-potsdam.de/pb3/pg32/

Description: 
! Paterson-type gas apparatus for triaxial 
deformation and torsion experiments under high 
pressure - high temperature conditions 

Specifications: 
! Sample size: 10 x 20 mm 
! Temperature: < 1300°C 
! Confining Pressure: < 500 MPa (gas) 
! Axial load: < 100 kN 
! Stiffness (frame): 2 MN/mm 
! Strain rate range: 10-7 to 10-1 s-1 
! Torque: < 1000 Nm 
! Pore pressure: < 500 MPa 

Features: ! Axial and/or torsional load 
! Pore pressure servo control 
! Permeability measurement system 
! Internal force, torque and displacement 
sensors 
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CREEP APPARATUS

POTSDAM  Experimental Rock Deformation Laboratory
http://www.gfz-potsdam.de/pb3/pg32/

Description: 
Dead-load-type uniaxial creep rig for high 
temperature creep test under controlled chemical 
environment. 

Specifications: 
Sample size: 3 x 3 x 6 mm 
Temperature: < 1400°C 
Confining Pressure: 0.1 MPa 
Axial load: < 1 kN 
Stiffness (frame): 3 MN/mm 
Strain rate range: 10-8 to 10-4 s-1 

Features: 
Oxygen-fugacity control 
Frictionless loading 
High displacement accuracy 
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1) Coulomb Law of Failure

2) Anderson's Theory of Faulting

3) Byerlee's Law

Deformationsprozesse in der Erde I  (2)
Experimental rock deformation
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Common types of deformation experiments
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Rock rheology (mechanical behavior of rocks)

Elastic strain: deformation and recovery = instantaneous 
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Compressive strength tests:  The Goal
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Compressive strength tests:  The Approach

#1
#2

#3
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Compressive strength tests:  The results
Linear envelope of failure; fractures form at angles of 25 
to 35° from σ1- very consistent!
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σc = critical shear stress required for failure
σ0 = cohesive strength
tanφ = coefficient of internal friction (φ = 90 − 2θ) 
σN = normal stress

σc = σ0 + tanφ(σn)

Coulomb's 
Law of Failure
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Tensile strength tests with no confining pressure
Approach: Similar to compressive strength tests
Results: ! (1) Fracture oriented parallel to σ1 (θ = 0)
! ! (2) Rocks weaker in tension than in compression  

30



  

Tensile + Compressive strength tests
Result: Failure envelope is parabolic  0° < θ < 30°
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Failure envelopes for different rocks: note that slope of 
envelope is similar for most rocks

σc = σ0 + tanφ(σn)

σc = critical shear stress 
required for failure

σ0 = cohesive strength

tanφ = coefficient of 
internal friction

σN = normal stress
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Elastic limit: 
There is no longer a linear 
relationship between stress and 
strain.
Rock behaves in a different manner

Yield strength: 
The differential stress at which the 
rock is no longer behaving in an 
elastic fashion
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Anderson's Theory of Faulting

The Earth's surface is a free surface (contact 
between rock and atmosphere), and cannot 
be subject to shear stress.  As the principal 
stress directions are directions of zero 
shear stress, they must be parallel (2 of 
them) and perpendicular (1 of them) to the 
Earth's surface.  

Combined with an angle of failure of 30 
degrees from σ1, this gives:
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2
Types of deformation

(brittle-ductile)  Types of 
testing
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www.unibas.ch/earth/micro/teaching

Deformationsprozesse in der Erde I  (2)
Types of deformation(brittle-ductile)  Types of testing
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SPRÖDDEFORMATION - BRITTLE DEFORMATION

Elastizität (augenblicklich - instantaneous)

≠ f(t)! (keine Zeitabhängigkeit)

ε! =! C! ·! σ

Deformation = Materialeigenschaft · Druck
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σ

ε σ

ε
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DUKTILE DEFORMATION-DUCTILE DEFORMATION

Plastizität

= f(t)! (Zeitabhängigkeit)

ε = ! =! A! ·! σ

Deformation 
-änderung! = Materialeigenschaft · Druck                               

. δε
δt
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σ

ε σ

ε

.

.
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Image courtesy of R.A. Nelson
http://ic.ucsc.edu/~casey/eart150/Lectures/faultmechanics/thrst&nrmlflts.stefano/
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types of tests
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types of tests
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http://ic.ucsc.edu/~casey/eart150/Lectures/BrittleDef/brittleDef.html
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http://ic.ucsc.edu/~casey/eart150/Lectures/faultmechanics/thrst&nrmlflts.stefano/
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DEFORMATIONSPROZESSE IN DER ERDE   I

Repetitorium
1 - Einführung, Geschichte der exp. Gesteinsverformung
2 - Verformungsarten (Spröd - duktil), Typen v. Experimenten
3 - Experiment (Labor), Datenauswertung (rigPrep)
4 - Datenauswertung (rigC4), versch. Masse für Verformung
5 - Karman, Reibungsgesetze (Amonton, Euler), Coulomb-Mohr
6 - Griffith, Reibung in der Tiefe (Byerlee's Regel)
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Crustal section1
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States of stress (Mohr cirlcle)

Loading

experimental                        proportional (nature)

in rock deformation:
!
compressive > 0   tensile < 0
σ1 ≥ σ2 ≥ σ3
shear component! τ
normal component! σ
mean stress! σ = 1/3 · σii
confining pressure! pc = σ3
differential stress! Δσ = σ1 - σ3

1
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1
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types of tests2

64



types of tests2
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http://ic.ucsc.edu/~casey/eart150/Lectures/BrittleDef/brittleDef.html

2
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*1---- rig distortion: d -> dc

        do i=1,n
        dc(i) = d(i)-f(i)*distor
        enddo

0

1

2

3

4

5

0 600 1200 1800 2400 3000 3600

dtot(mm)
F(N)·distor(mm/N)
d(mm)

t(s)

dtot(mm) 
- 
d [=(F(N)·distor] 
= 
d (mm)

3
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*2---- friction: f -> f*         
        
        do i = 1,n
        fc(i) = f(i)-d(i)*friction
        enddo

0
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20000

30000

40000

50000

60000

70000

0 600 1200 1800 2400 3000 3600

F(N)

t(s)
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*3a---- displacement to strain: dc -> e  
        
        do i = 1,n
        e(i) = dc(i) / slen
        enddo
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ax.strain(%)

t(s)
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-500

0

500

1000

1500

2000

2500

0 600 1200 1800 2400 3000 3600

sigraw(MPa)
P(MPa)
sig(MPa)

t(s)

*4---- load to (axial) differential stress: fc -> s
*      correction for increasing sample diameter
*      correction for changing confining pressure
	 do i=1,n
	 s(i)    = fc(i) * (1. - e(i)) / area
	 sig(i)  = s(i) - p(i)
      enddo

3
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 Δσ = f(e(%))                

0

500

1000

1500

2000

0 5 10 15 20 25 30 35 40

sig(MPa)

ax.strain(%)

differential stress =
f(engineering strain)

3
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Measures for mean strain / strain magnitude

e1 = 1-dim strain
e2 = 1-dim strain

em = 3-dim strain
es = 3-dim strain
oct = 3-dim strain

at d /L = 0.5: 
axial strain e1= -0.50, radial strain e2,e3 = 0.41, R = 2.83
mean strain em = 0.11, εs = 0.85,  oct.shear strain oct = 0.86

-1.00

0.00

1.00

2.00

3.00

4.00

0.00 0.20 0.40 0.60 0.80 1.00

e1=(L'-L)/L
e2=e3=(w'-w)/w
em=(e1+e2+e3)/3
es
oct

d

LL'

d

w'

w

es = oct
strain magnitude = octahedral shear strain

4
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38nk.out sig(MPa)

e(%)

38nk.out:  
stress = f(strain)                  stress = f(oct. shear strain)
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71nk.out sig(MPa)

e(%)

71nk.out:  
stress = f(strain)                  stress = f(oct. shear strain)
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71nk.out sig(MPa)

oct
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sample
confining 

pressure (MPa)
max. differential 

stress (MPa)

38nk 500 1634
60nk 1000 2022
71nk 800 1931

0
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2400
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800 MPa (8kb)
500 MPa (5kb)

1000 MPa (10kb)

!" (MPa)

4
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shear stress
τ (MPa)

normal stress
σ (MPa)

500          1000       1500       2000       2500        3000

1000

500

0

400
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2400

0 5 10 15 20 25 30 35 40 e(%)

800 MPa (8kb)
500 MPa (5kb)

1000 MPa (10kb)

!" (MPa)

STRENGTH - FAILURE ?

4
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τ

σ
τo 

τ = τo + n·σ
internal friction

τ = μ · σ
sliding friction

5
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τ

σ
τo 

σ3 σ1σmean

Δσ =(σ1 -σ3)

=(σ1 +σ3)/2

τmax  =(σ1 -σ3)/2

(180-φ)φ

τ = τo + n·σ

Φ (angle of internal friction)

(cohesive
shear strength)

τ = μ · σ

5
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τo = cohesive strength
n = tan(Φ) = coefficient of internal friction
Φ = angle of internal friction
θf = angle between shear fracture and σ1
μ = coefficient of sliding friction (τ = μ· σ)

5
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Force at:
C = Initital...
D = Maximum...
G = Residual...
   .... Friction

fig. 1 and fig. 2 (Byerlee, 1978)

6
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0 - 2 GPa
(0 - 20 kb)
up to 80 km

fig. 7 (Byerlee, 1978)

6
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3
Deformation experiment 

- brittle field
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Deformationsprozesse in der Erde I  (3)
Deformation experiment - brittle field

         Griggs apparatus:                              Deformed sample:

Obere 
Kupfer-
scheibe

Blei

Kochsalz

Temperatur 
Messung
(Pt+Pt-Rh)

Alumina-
Stempel

Wolfram
Carbid

Alumina

Graphit- 
Heizung

Pyrophyllit
Röhrchen

Untere 
Kupfer-
scheibe

Gesteinsprobe
in Gold-h ülle

25.4 mm

Basis Platte
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Mechanical data:

load(t), displacement(t)               stress = f(strain)

0

500

1000

1500

2000

0 5 10 15 20 25 30 35 40

sig(MPa)

e(%)
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Strip chart rig2
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t(i) d(i)  p(i) f(i)
0.8000   2.5000   19.400   18.900
1.8000   5.5000   19.800   35.300
2.8000   8.3000   19.000   54.800
4.8000   14.300   18.600   94.000
5.8000   17.300   18.900   110.30
6.5000   20.500   19.300   122.90
7.0000   21.700   19.500   125.90
7.4000   22.600   19.600   128.50
7.8000   24.100   19.800   131.20

... etc.

Create input file (test.inp) - Record data
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www.unibas.ch/earth/micro/software/rig/rig.html

Create input file (test.inp) - Record data
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Data:

38nk 
5kb 300° 10-4 rig2

60nk 
10kb 300° 10-4 rig1

71nk 
8kb 300° 10-4 rig2

Prepare input data for riXi4

Terminal
./rigPrep

result: header of input file
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----------------------------------------------
This is program rigPrep for the preparation of
input files for riXi4 and rigS4
---------------------------------------------
Name of input file:
71nk.4in
File header (max=60 characters):
71 nk 8kb, 300deg, 10-4s-1
Data of axial (1) or shear (2) experiment:
1
Apparatus: rig1 (1) or rig2 (2):
2
sample diameter (mm):
6.383
sample length (mm):
10.538
Chart speed in cm/minute 
.5
Displacement record setting:
500mV full scale (1), 1V full scale (2)
1
Confining pressure setting:
2V full scale (2), 5V full scale (5)
5
Load (=force) record setting:
1V full scale (1), 2V full scale (2), 5V full scale (5)
5

T0 = time at hitpoint (chart units)
.2
D0 = displacment at hitpoint (chart units)
58.5
P0 = pressure at hitpoint (chart units)
67
F0 = load at hitpoint (chart units)
4
Number of readings (T,D,P,F) max = 200
1
Input of t(i),d(i), p(i), f(i)
T( 1) --- point no  1
1
D( 1)
1
P( 1)
1
F( 1)
1
------------ done ---------------

Run program rigPrep
./rigPrep
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71 nk 8kb, 300deg, 10-4s-1                               
sample diameter(mm)  sample length(mm) 
      6.3830     10.5380
t0(chartdiv)  d0(chartdiv)  p0(chartdiv)  f0(chartdiv)
      0.2000     58.5000     67.0000      4.0000
chspeed(s/div)  convd(mm/div)  convp(MPa/div)  convf(N/div)
   0.12000E+03   0.25215E-01   0.12581E+02   0.11017E+04
apparatus distortion(mm/N)  friction(N)
   0.50486E-05   0.00000E+00
number of readings
     1
t(i),d(i), p(i), f(i)
      1.0000      1.0000      1.0000      1.0000

Result of rigPrep

Example: 71nk.4in

copy-paste additional points 
from Kaleidagraph
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71 nk 8kb, 300deg, 10-4s-1                               
sample diameter(mm)  sample length(mm) 
      6.3830     10.5380
t0(chartdiv)  d0(chartdiv)  p0(chartdiv)  f0(chartdiv)
      0.2000     58.5000     67.0000      4.0000
chspeed(s/div)  convd(mm/div)  convp(MPa/div)  convf(N/div)
   0.12000E+03   0.25215E-01   0.12581E+02   0.11017E+04
apparatus distortion(mm/N)  friction(N)
   0.50486E-05   0.00000E+00
number of readings
    42
t(i),d(i), p(i), f(i)
1.000  63.90  66.90  10.000
2.000  70.00  66.60  18.000
3.000  76.00  66.30  26.100
4.000  81.70  66.00  33.900
5.000  87.40  65.90  41.200
5.500  90.40  65.80  45.000
6.000  94.10  65.70  48.900
6.500  96.90  65.60  51.500
7.000  100.5  65.40  54.500
7.500  104.2  65.30  57.100
8.000  107.6  65.30  59.600
8.500  110.8  65.30  61.600

...

etc.

Finished example: 71nk.4in

91



0

50

100

150

0510152025

38nk.4in d p f

t

0

50

100

150

200

250

300

0510152025

60nk.4in d p f

t

0

50

100

150

200

250

0510152025

71nk.4in d p f

t

displacement - conf.pressure - load (chart units): 71nk.4in
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Program riXi4
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38NK
sdia(mm)   slen   
6.416,   10.44   
d0(chartdiv)   d0(chartdiv)   p0(chartdiv)   f0(chartdiv)    
-0.20000   0.0000   20.600   0.0000
chspeed(s/chdiv) convd(mm/chdiv) convp(MPa/chdiv) convf(N/chdiv)
120., 0.050431187, 4.2, 440.69
distor   friction   
5.0486E-6,   0.0   
n
29   

Input file (test.inp) - Conversion factors
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Program riXi4.f   (Fortran77 source code)               step 0

do k=1,n
i=n+1-k

t(i+1)= (t(i)-t0)*chspeed  ! convert T to s
d(i+1)= (d(i)-d0)*convd    ! convert D to mm
p(i+1)= (p(i)-p0)*convp    ! convert P to MPa
f(i+1)= (f(i)-f0)*convf    ! convert F to N

enddo
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*1---- rig distortion: d -> dc

        do i=1,n
        dc(i) = d(i)-f(i)*distor
        enddo

Total displacement d of piston
- distortion d of apparatus
= net displacement d of sample

d - d = d

K = stiffness of apparatus
d = K · F

for rig2: 
K = 5.0486·10-6 mm/N

d
d

d

Program riXi4.f   (Fortran77 source code)               step 1
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*1---- rig distortion: d -> dc

        do i=1,n
        dc(i) = d(i)-f(i)*distor
        enddo

Program riXi4.f   (Fortran77 source code)               step 1

0
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5

0 600 1200 1800 2400 3000 3600

dtot(mm)
F(N)·distor(mm/N)
d(mm)

t(s)

dtot(mm) 
- 
d [=(F(N)·distor] 
= 
d (mm)
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friction supports load

cross sectional area 
of jacket supports load

(riXi4: no jacket correction)

applied load

*2---- friction: f -> f*         
        
        do i = 1,n
        fc(i) = f(i)-d(i)*friction
        enddo

Program riXi4.f   (Fortran77 source code)               step 2
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*2---- friction: f -> f*         
        
        do i = 1,n
        fc(i) = f(i)-d(i)*friction
        enddo

Program riXi4.f   (Fortran77 source code)               step 2
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40000

50000

60000

70000
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engineering strain:

e(%) = 100 · (L'-L) / L
e(%) = 100 · ΔL / L

Note:
if L' < L (shortening)  ΔL < 0:

But in rock deformation, shortening is positive:
e(%) = 100 · (-ΔL) / L
e(%) = 100 · (L-L') / L

*3a---- displacement to strain: dc -> e  
        
        do i = 1,n
        e(i) = dc(i) / slen
        enddo

Program riXi4.f   (Fortran77 source code)               step 3

d

L
L'
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*3a---- displacement to strain: dc -> e  
        
        do i = 1,n
        e(i) = dc(i) / slen
        enddo

Program riXi4.f   (Fortran77 source code)               step 3
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*3b---- strain magnitude, octahedral shear strain
        
       do i = 1,n
	  es(i)= smag(e(i))
	  o(i) = octshear(e(i))
       enddo

strain magnitude / intensity parameter  (deviator):

εs = 1/√3 · √[ (ε1-ε2)  + (ε2-ε3)  + (ε3-ε1)  ]
2 2 2

engineering strain:
e(%) = 100 · (-ΔL) / L

natural / logarithmic strain:
ε1,2,3 = ln(L'/L)

Program riXi4.f   (Fortran77 source code)               step 3

d

L
L'
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*3b---- strain magnitude, octahedral shear strain
        
       do i = 1,n
	  es(i)= smag(e(i))
	  o(i) = octshear(e(i))
       enddo

Program riXi4.f   (Fortran77 source code)               step 3
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*4---- load to (axial) differential stress: fc -> s
*      correction for increasing sample diameter
*      correction for changing confining pressure
        
      r = 0.5 * sdia
      area = 3.14159 * r*r    !r in mm2
*                              N/mm2 = MPa since  N/m2 = Pa
	 do i=1,n
	 s(i)    = fc(i) * (1. - e(i)) / area
	 sig(i)  = s(i) - p(i)
      enddo

Program riXi4.f   (Fortran77 source code)               step 4

for constant volume:
L· area =  L'· area'
area' = area · L/L'

L/L' = L/(L-ΔL) = 1/(1-e)

L' L
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*4---- load to (axial) differential stress: fc -> s
*      correction for increasing sample diameter
*      correction for changing confining pressure
	 do i=1,n
	 s(i)    = fc(i) * (1. - e(i)) / area
	 sig(i)  = s(i) - p(i)
      enddo

Program riXi4.f   (Fortran77 source code)               step 4
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*5--- strain rates between two consecutive points
        do i=1,n-1
        j=i+1
        tdif=t(j)-t(i)
        if(tdif.ne.0.) et(j) = (e(j)-e(i))/tdif
        if(tdif.ne.0.) est(j) = (es(j)-es(i))/tdif
        if(tdif.ne.0.) ot(j) = (o(j)-o(i))/tdif
        enddo

Program riXi4.f   (Fortran77 source code)               step 5
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t(s)

4·10-4 s-1

1·10-4 s-1
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Running riXi4

MacOSX:
arrange folder

use Terminal:
run riXi4
(type ./riXi4)
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Running riXi4                    output on screen:

dialogue:
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Use Kaleidagraph to plot results
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Use Kaleidagraph to plot results

  Δσ = f(e(%))                  Δσ = f(εs)
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Use Kaleidagraph to plot results
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Use Kaleidagraph to plot results
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4
Mechanical data - strain 

measures
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Deformationsprozesse in der Erde I  (4)
Mechanical data - strain measures

www.unibas.ch/earth/micro/software/rig/rig.html
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- strain magnitude
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Measures for strain

need "universal" strain measure to:

.. consider 3 dimensions
! (influence of σ2)

.. compare shearing and axial experiments
! (γ vs. ε(%))

.. formulate failure criterion
! (breaking strength = f(confining pressure))

.. formulate flow law
! (flow stress = f(p, T, ε, ..., ε?, ...)).
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Measures for strain

t

dstrain ellipse:

3 axes:

1+e1
1+e2
1+e3

matrix:

simple shear: e2 = 0

axial compression: e2 = e3

d

L
L'

e11 e12 e13
e21 e22 e23
e31 e32 e33
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Types of strain

es = strain magnitude
λ = (1+e)2
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LL'

d

engineering strain
e(%)= 100·(-ΔL)/L

w

w'

Measures for strain and elongation (axial compression)

at d /L = 0.5 
(i.e., at (-ΔL)/L = 0.5  or  e(%) = 50%): 
strain e(%) = 50%, def. length L'/L = 50%, def. width w'/w = 141%

0%

50%

100%

150%

200%

0% 20% 40% 60% 80% 100%

shortening (%)
rel.def.length L'/L
rel.def.width w'/w=sqrt(L/L')

d/L(%) = (-!L)/L(%)
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-1.00

0.00

1.00

2.00

3.00

4.00

0.00 0.20 0.40 0.60 0.80 1.00

e1=(L'-L)/L
e2=e3=(w'-w)/w
L1=L'/L
L2=L3=w'/w=sqrt(L/L')

d

LL'

d

L1=L'/L
deformed length

e1=
axial strain

L2=L3=w'/w
deformed width
          e2=e3=
          radial strain

w'

Measures for elongation and strain (axial compression)

w

at d /L = 0.5: 
axial strain e1 = -0.50, radial strain e2 = 0.41,
axial elongation L1 = 0.50, radial elongation L2 = 1.41
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-1.00

0.00

1.00

2.00

3.00

4.00

0.00 0.20 0.40 0.60 0.80 1.00

e1=(L'-L)/L
e2=e3=(w'-w)/w
e1nat=ln(L'/L)
e2nat=ln(w'/w)
R=L2/L1

d

                           e1=
                           axial strain

e(nat)=e(true)=
axial natural strain

e2=e3=
radial strain
          e(nat)=e(true)=
          radial natural strain

Measures for (natural/true) strain (axial compression)

at d /L = 0.5: 
axial strain e1= -0.50, radial strain e2,e3 = 0.41, R = 2.83
axial natural strain ε1= -0.69, radial natural strain ε1  = 0.35

LL'

d

w'

w
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Measures for mean strain / strain magnitude

e1 = 1-dim strain
e2 = 1-dim strain

em = 3-dim strain
es = 3-dim strain
oct = 3-dim strain

at d /L = 0.5: 
axial strain e1= -0.50, radial strain e2,e3 = 0.41, R = 2.83
mean strain em = 0.11, εs = 0.85,  oct.shear strain oct = 0.86

-1.00

0.00

1.00

2.00

3.00

4.00

0.00 0.20 0.40 0.60 0.80 1.00

e1=(L'-L)/L
e2=e3=(w'-w)/w
em=(e1+e2+e3)/3
es
oct

d

LL'

d

w'

w

es = oct
strain magnitude = octahedral shear strain
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Measures for strain (simple shear)

d
L1 =
long axis of 
strain ellipse

L2 = 
short axis of
strain ellipse

-1
0
1
2
3
4
5
6
7
8
9

10
11

0 1 2 3 4 5 6 7 8 9 10

d
L1=(1+e1)
L2=(1+e2)

!

t

shear strain γ = d/t

φ

at shear strain γ = 2:
long axis a = 2.41, short axis b = 0.41, angle φ = 33°
R = a / b = 5.83
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-1
0
1
2
3
4
5
6
7
8
9

10
11

0 1 2 3 4 5 6 7 8 9 10

e1
e2
L1=(1+e1)
L2=(1+e2)
R=L1/L2

!

Measures for strain (simple shear)

at shear strain γ = 2: 
strains: e1 = 1.41, e2 = -0.59, R = 5.83
long axis (strain ellipse)= 2.41, short axis (strain ellipse) = 0.41

t

d
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strain magnitude / intensity parameter  (deviator):

εs = 1/√3 · √[ (ε1-ε2)  + (ε2-ε3)  + (ε3-ε1)  ]
2 2 2

engineering strain:
e(%) = 100 · (-ΔL) / L

natural / logarithmic strain:
ε1,2,3 = ln(L'/L)

d

L
L'

*    function smag       strain mag from shortening strain delta_l/l0
        
        function smag(del)
        smag = 0.
        if(del.le.0.0) go to 100
        e    = 1.-del
        e1   = alog(e)
        e2   = alog(sqrt(1./e))
        e3   = e2
        e1e2 = e1-e2
        e2e3 = e2-e3
        e3e1 = e3-e1
        oct  = (e1e2*e1e2)+(e2e3*e2e3)+(e3e1*e3e1)
        smag= 0.57735*sqrt(oct)
100     return
        end

*   function oct   octahedral shear strain from shortening strain delta_l/l0
!
! function oct(del)
! oct = 0.
! if(del.le.0.0) go to 100
! e1   = 1.-del
! e2   = sqrt(1./e1)
! e1   = e1-1.
! e2   = e2-1.
! e3   = e2
! e12 = e1-e2
! e23 = e2-e3
! e31 = e3-e1
! oct  = (e12*e12)+(e23*e23)+(e31*e31)
! oct = 0.66667*sqrt(oct)
100! return
! end
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Measures for strain (simple shear)

e1 = 1-dim strain
e2 = 1-dim strain

em = 3-dim strain
es = 3-dim strain
oct = 3-dim strain

-1
0
1
2
3
4
5
6
7
8
9

10
11

0 1 2 3 4 5 6 7 8 9 10

e1
e2
em=(e1+e2+e3)/3
es
oct

!

at shear strain γ = 2: 
strains: e1 = 1.41, e2 = -0.59, R = 5.83
mean strain = 0.28, εs = 1.20,  oct.shear strain = 1.68

t

d

es ≠ oct
strain magnitude ≠ octahedral shear strain
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Measures for strain derived for d and γ

(axial)                                   (simple shear)
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em=(e1+e2+e3)/3
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e1=(L'-L)/L
e2=e3=(w'-w)/w
em=(e1+e2+e3)/3
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d

e1 = 1-dim strain
e2 = 1-dim strain
em = 3-dim strain
es  = 3-dim strain
oct = 3-dim strain
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38nk 500 1634
60nk 1000 2022
71nk 800 1931

0

400

800

1200

1600

2000

2400

0 5 10 15 20 25 30 35 40 e(%)

800 MPa (8kb)
500 MPa (5kb)

1000 MPa (10kb)

!" (MPa)

STRENGTH

134



shear stress
τ (MPa)

normal stress
σ (MPa)
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5
Coulomb-Mohr
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Deformationsprozesse in der Erde (5)
Coulomb-Mohr, Friction and the strength of rocks
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Coulomb - Mohr failure criterion
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σ1

σ

τ
φ/2

φ           = 2·Winkel zwischen σ (Flächennormale) und σ1 
(180-φ) = 2·Winkel zwischen τ (Fläche) und σ1
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5
Friction
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Deformationsprozesse in der Erde (5)
Friction

τ

σ
τo 

τ = τo + n·σ
internal friction

τ = μ · σ
sliding friction
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Leonardo Da Vinci (1452-1519)

Leonardo da Vinci stated the two basic laws of 
friction 200 years before Newton even defined 
what force is.  

Da Vinci simply stated that:

 1. the areas in contact have no effect on friction. 
 2. if the load of an object is doubled, its friction 
will also be  doubled.

http://www.nano-world.org/frictionmodule/content/

Friction
Law of Leonardo da Vinci: Friction is independent of the area of contact

sliding block on 
conveyor belt:
friction is independent 
of the area of contact
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Guillaume Amontons (1663-1705)

Guillaume Amontons rediscovered the two basic 
laws of  friction that had been discovered by 
Leonardo Da Vinci, and he also came  up with an 
original set of theories.  He believed that friction 
was predominately a result of the work done to lift 
one surface over the  roughness of the other, or 
from the deforming or the wearing of the other  
surface.  For several centuries after Amontons' 
work, scientists believed that friction was due to 
the roughness on the surfaces.

Versuchsaufbau von G. Amontons zur Messung der 
kinetischen Reibkraft. Die Reibung zwischen den 
Oberflächen A und B wird mittels der Auslenkung einer 
Feder D gemessen. Die Feder C dient der Einstellung 
der Normalkraft. 

(De la résistance causée dans les machines (1699) in 
Memoires de l'Académie des Sciences.)

Friction
Law of Amontons: Frictional force F proportional to load L

http://www.nano-world.org/frictionmodule/content/

sliding block on 
conveyor belt:
friction is proportional 
to the weight
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Charles August Coulomb (1736-1806) 

He added to the second law of  friction; "strength 
due to friction is proportional to compressive  
force",  "although for large bodies friction does 
not follow exactly this  law". Coulomb published 
the work referring to Amontons. The second law 
of  friction is known as the "Amontons-Coulomb 
Law"  referring to work done by the two 
scientists in 1699 and 1785 respectively.

The Amontons-Coulomb  law of friction holds 
for many different material combinations and  
geometries but unlike Newton’s first law, nothing 
fundamental can be  derived from it.

Friction
Law of Coulomb: Friction is independent on the velocity

http://www.nano-world.org/frictionmodule/content/

sliding block on 
conveyor belt:
friction is independent 
of the velocity
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Leonhard Euler (1707-1783)

introduced the model of rigid interlocking asperities as the cause of frictional resistance.

used the relation between inclination angle ! and friction coefficient µ:

found that the friction coefficient is velocity-independent

distinguished between static and kinetic friction

found that static friction is always larger than kinetic friction

Friction
Law of Euler: Static friction is greater than sliding friction
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model of friction at 
the atomic level:
stick-slip

F. Philip Bowden and David Tabor (1950) 

Bowden and Taylor gave a physical  explanation for the 
laws of friction. They determined that the true area  of 
contact is a very small percentage of the apparent 
contact area. The  true contact area is formed by the 
asperities. As the normal force  increases, more 
asperities come into contact and the average area of 
each  asperity contact grows. 

The frictional force was shown to be dependent on the 
true contact area—a much more intuitively satisfying 
argument than  what the Amontons-Coulomb law 
allows. Bowden and Tabor argued that within  these 
asperities all of the dynamics of friction take place.

Friction
Tomlinson mechanism: Stick-Slip - cause of dissipation
- squeaky door
- violine strings
- earth quakes

http://www.nano-world.org/frictionmodule/content/
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τ

σ
τo 

σ3 σ1σmean

Δσ =(σ1 -σ3)

=(σ1 +σ3)/2

τmax  =(σ1 -σ3)/2

(180-φ)φ

τ = τo + n·σ

Φ (angle of internal friction)

(cohesive
shear strength)

τ = μ · σ
Friction
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τ

σ
τo 

σ1σ3

τ = τo + n·στ = μ · σ
Friction

n
μ
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τ

σ
τo 

τ = τo + n·στ = μ · σ
Friction

μ
n

σ1σ3
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τ

σ
τo 

τ = τo + n·στ = μ · σ
Friction

μ
n

σ1σ3
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τ

σ
τo 

τ = τo + n·στ = μ · σ
Friction

μ
n

σ1σ3

pp
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Christian Otto Mohr
1835 - 1918

Charles Augustin de Coulomb
1736 - 1806

Coulomb - Mohr failure criterion
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τ

σ
τo 

σ3 σ1σmean

Δσ =(σ1 -σ3)

=(σ1 +σ3)/2

τmax  =(σ1 -σ3)/2

(180-φ)φ

τ = τo + n·σ

Φ (angle of internal friction)

(cohesive
shear strength)

τ = μ · σ
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Kaleidagraph:

example: 
σ1 = 3
σ2 = 1

create series: 0 to 180 in c1

c2=0.5*(3+1)+0.5*(3-1)*cos(c1)
c3=0.5*(3-1)*sin(c1)
c4=c3/c2
c0=0.5*c1

Theta    2*Theta  Sigma n  Tau      Tau/Sigma
c0       c1       c2       c3       c4
0.0000   0.0000   3.0000   0.00000   0.0000
10.000   20.000   2.9397   0.34202   0.11635
20.000   40.000   2.7660   0.64279   0.23239
30.000   60.000   2.5000   0.86603   0.34641
40.000   80.000   2.1736   0.98481   0.45307
50.000   100.00   1.8264   0.98481   0.53922
60.000   120.00   1.5000   0.86603   0.57735
70.000   140.00   1.2340   0.64279   0.52092
80.000   160.00   1.0603   0.34202   0.32257
90.000   180.00   1.0000   0.00000   0.00000

0.00

0.50

1.00

1.50

2.00

2.50

3.00

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0 10 20 30 40 50 60 70 80 90

sigma tau tau/sigma

theta

σ = (σ1+σ3) + (σ1-σ3) · cos(θ)

τ = (σ1-σ3) · sin(θ)

maximum stress ratio τ/σ
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τo = cohesive strength
n = tan(Φ) = coefficient of internal friction
Φ = angle of internal friction
θf = angle between shear fracture and σ1
μ = coefficient of sliding friction (τ = μ· σ)
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τo = cohesive strength
θf = angle between shear fracture and σ1
θs = angle of sliding friction

n = tan(Φ) = coefficient of internal friction
μ = coefficient of sliding friction (τ = μ· σ)

160
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6
Brittle deformation at 

depth
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Deformationsprozesse in der Erde (6)
Brittle deformation at depth

τ

σ
τo 

τ = τo + n·σ
internal friction

τ = μ · σ
sliding friction
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Measured coefficients of sliding friction

Handin (1969)

Byerlee's law rule

μ =  τ /  σn              (from  τ = μ· σ)
μ =  B + A /  σn        (from  τ = A+B· σ)
μ = coefficient of sliding friction                                                                     (Byerlee, 1978)

μ = 0.85 ·  σn           (for  σn < 200 MPa)
μ = 0.5 + 0.6·  σn     (for  200 MPa < σn < 2000 MPa)

X
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Friction

AB spring
v = velocity
m = mass

Force at:
C = Initital...
D = Maximum...
G = Residual...
   .... Friction

fig. 1 and fig. 2 (Byerlee, 1978)
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Maximum Friction
0 - 5 MPa
(0 - 50 bar)

surface

fig. 3 (Byerlee, 1978)
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Initial Friction
0 - 100 MPa
(0 - 1000 bar)

up to 4 km

fig. 4 (Byerlee, 1978)
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Maximum Friction
0 - 100 MPa
(0 - 1000 bar)

up to 4 km

fig. 5 (Byerlee, 1978)
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Initial Friction
0 - 2 GPa
(0 - 20 kb)

up to 80 km

fig. 6 (Byerlee, 1978)
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Friction
0 - 2 GPa
(0 - 20 kb)

up to 80 km

fig. 7 (Byerlee, 1978)
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Depth profiles of stength
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nature                                            experiment
macro! micro
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t

Fracture process
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Fracture process in experiments

in stress strain curve:! in Mohr space:
! (no strain, no time)

τ

σ
τo 

0

50

100

150

200

250

0 1 2 3 4 5 6

!(MPa)

e(%)
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I. crack closure

II. fracture initiation

III.critical energy release

IV.strength failure

V. rupture

I

lateral    axial strain

Fracture process in experiments

Mechanisms of brittle fracture

! points on curve:
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1. closing of cracks

2. linear elastic deformation

3. stable fracture propagation

4. unstable fract. propagationI

2

3

4

Fracture process in experiments

Mechanisms of brittle fracture

! segments of curve (stages):
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1. closing of cracks

2. linear elastic deformation

3. stable fracture propagation

4. unstable fract. propagation

5. coalescence of cracks

Mechanisms of brittle fracture

176



Precursors

Paterson, M. S. 1978: Experimental rock deformation - the brittle filed. Springer-Verlag, Berlin.

stages
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0

50

100

150

200

250

0 1 2 3 4 5 6

!(MPa)

e(%)

Accoustic emissions

Location of events:

static cracking! dynamic cracking
(below 95%! above 95% fracture stress)
random process! clustering along fault

Increase of rate of accoustic emissions
in Westerly granite(pc=400 MPa)

Scholz, C. H. 1968: Experimental study of the fracturing process 
in brittle rock. J. geophys. Res. 73, 1447-1449.
(Figure 4 and 5 interchanged)

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.
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Pre - failure conditions
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dilatancy
pore pressure
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Microfracturing of gabbro 50·100mm cylinders
      0%         62%       82%      90%     100% σultimate 

             0-2   2-3    3-4    6-12   >12
Optical reflectivity ratio (= microcrack density)
w/r to average reflectivity (pc = 130 MPa

Microfracturing - dilatancy

    0%          25%         50%         83%     100%
    of maximum stress  (vertical, pc=0)

Sobolev G, Spetzler H., Salov,B., 1978.
Precursors to failure in rocks while undergoing anelastic deformation. 
JGR 83, 1775-1784

Sangha, C.M., Talbot, C.J., Dhir, R.K., 1974. Microfracturing 
of a sandstone in uniaxial compression. Int. J. Rock Mech. 
Min. Sci., Abstr. Vol. 11, 107-113

Microfracturing of sandstone 50·127 mm cylinders Dilatancy of pyrophyllite blocks 30·30·33 mm

Doubly exposed holograms; % of σultimate (vertical)

0%                            50%                           81%

                84%                       100%

Chen Rong, Yao Xiao-Xin, Xie Hung-Sen, 1979. Studies of fracture 
of gabbro. Int. J. Rock Mech. Min. Sci., Abstr. Vol. 16, 187-193
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Axial loading, pc=100MPa
Westerley granite

! ! macroscopic 
! ! failure stress

! ! stress at onset of
! ! dilatancy

differential stress vs strain
εv! volumteric strain
εz! axial strain
εθ! circumferential strain

Dilatancy at fault tip:
rotation kinkband model

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.
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Fracture - Stress at failure

General failure criterion:

Δσ = f(pc, pp, T, ε/ϒ, ...)

0

50

100

150

200

250

0 1 2 3 4 5 6

!(MPa)

e(%)

.   .

Factors influencing fracture strength

-! mineral composition
-! porosity
-! density
-! microstructure
-! state of alteration, weathering
-! deformation history
-! microcrack distribution
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7
Fracture process - failure 

criteria for fracture
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nature                                            experiment
                           theory
macro

      homogeneity

micro

Deformationsprozesse in der Erde (7) (6b)
Fracture process -  Failure criterion
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nature                                            experiment
macro! micro
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Deformationsprozesse in der Erde (7)
Fracture process
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Fracture process in experiments

in stress strain curve:! in Mohr space:
! (no strain, no time)

τ

σ
τo 

0

50

100

150

200

250

0 1 2 3 4 5 6

!(MPa)

e(%)
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I. crack closure

II. fracture initiation

III.critical energy release

IV.strength failure

V. rupture

I

lateral    axial strain

Fracture process in experiments

Mechanisms of brittle fracture

! points on curve:
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1. closing of cracks

2. linear elastic deformation

3. stable fracture propagation

4. unstable fract. propagationI

2

3

4

Fracture process in experiments

Mechanisms of brittle fracture

! segments of curve (stages):
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1. closing of cracks

2. linear elastic deformation

3. stable fracture propagation

4. unstable fract. propagation

5. coalescence of cracks

Mechanisms of brittle fracture
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Precursors

Paterson, M. S. 1978: Experimental rock deformation - the brittle filed. Springer-Verlag, Berlin.

stages
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0
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250

0 1 2 3 4 5 6

!(MPa)

e(%)

Accoustic emissions

Location of events:

static cracking! dynamic cracking
(below 95%! above 95% fracture stress)
random process! clustering along fault

Increase of rate of accoustic emissions
in Westerly granite(pc=400 MPa)

Scholz, C. H. 1968: Experimental study of the fracturing process 
in brittle rock. J. geophys. Res. 73, 1447-1449.
(Figure 4 and 5 interchanged)

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.
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Pre - failure conditions
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Microfracturing of gabbro 50·100mm cylinders
      0%         62%       82%      90%     100% σultimate 

             0-2   2-3    3-4    6-12   >12
Optical reflectivity ratio (= microcrack density)
w/r to average reflectivity (pc = 130 MPa

Microfracturing - dilatancy

    0%          25%         50%         83%     100%
    of maximum stress  (vertical, pc=0)

Sobolev G, Spetzler H., Salov,B., 1978.
Precursors to failure in rocks while undergoing anelastic deformation. 
JGR 83, 1775-1784

Sangha, C.M., Talbot, C.J., Dhir, R.K., 1974. Microfracturing 
of a sandstone in uniaxial compression. Int. J. Rock Mech. 
Min. Sci., Abstr. Vol. 11, 107-113

Microfracturing of sandstone 50·127 mm cylinders Dilatancy of pyrophyllite blocks 30·30·33 mm

Doubly exposed holograms; % of σultimate (vertical)

0%                            50%                           81%

                84%                       100%

Chen Rong, Yao Xiao-Xin, Xie Hung-Sen, 1979. Studies of fracture 
of gabbro. Int. J. Rock Mech. Min. Sci., Abstr. Vol. 16, 187-193
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Axial loading, pc=100MPa
Westerley granite

! ! macroscopic 
! ! failure stress

! ! stress at onset of
! ! dilatancy

differential stress vs strain
εv! volumteric strain
εz! axial strain
εθ! circumferential strain

Dilatancy at fault tip:
rotation kinkband model

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.
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Fracture - Stress at failure

General failure criterion:

Δσ = f(pc, pp, T, ε/ϒ, ...)

0
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0 1 2 3 4 5 6

!(MPa)

e(%)

.   .

Factors influencing fracture strength

-! mineral composition
-! porosity
-! density
-! microstructure
-! state of alteration, weathering
-! deformation history
-! microcrack distribution
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Failure by fracture:

2 types of fracture:

1. extension! tensile stress! a)!intrusion fracture
(Brazil test)! ! ! (pore fluid)
! ! b)!internal
! ! ! stress concentration
! ! ! (inclusion, crack)!
2. shear! compressive stresses
(Triaxial testing)! !
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Brittle failure 
in granite
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Brittle failure 
in granite
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Brittle failure 
in granite
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Brittle failure in granite

quartz: high dislocation density
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Brittle failure in granite

feldspar: formation of cells

201



Brittle failure in granite

quartz: subgrains formation > creep
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Brittle failure 
in granite
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Brittle failure in granite

Summary:

high T (900°):
- no dependence of strength on pc

medium T (700°):
- slight dependence of strength on pc
  (cell formation)

low T (500°):
- strength depends on pc
  = friction dependent behaviour

Tullis, J. & Yund, R.A., 1977: 
Experimental deformation of dry 
Westerly granite. J.G.R. 82, 5705-5718
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Failure by fracture:

2 types of fracture:
1. extension! tensile stress! a)!intrusion fracture
(Brazil test)! ! ! (pore fluid)
! ! b)!internal
! ! ! stress concentration
! ! ! (inclusion, crack)!2. 
shear! compressive stresses
(Triaxial testing)! !
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General failure criterion for fracture:
! σ1 = f(σ2, σ3)

example: !differential stress at failure depends on 
! ! cohesion and confining pressure:

 Δσ = f(σ0, σ3) 

!
! (σ1-σ3) = σ0+ σ3· tan(Ψ)

!  (1 < tan(Ψ) < 10)

! |τ| = τ0+ σn· tan(φ)

!  (0.5 < tan(φ) < 1.5)
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Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.

Δσ = f(σ0, σ3)

τ

σ
τo 

|τ| = τ0+ σn· tan(φ)

General failure criterion for fracture:
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Influence of strain rate:

Paterson, M. S. & Teng-fong Wong (2005): 
Experimental rock deformation - the brittle filed. 
Springer-Verlag, Berlin.
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Influence of temperature:

Paterson, M. S. & Teng-fong Wong (2005): 
Experimental rock deformation - the brittle filed. 
Springer-Verlag, Berlin.
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Influence of shape and size:

Paterson, M. S. & Teng-fong Wong (2005): 
Experimental rock deformation - the brittle filed. 
Springer-Verlag, Berlin.
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stress trajectories in cylinder
σ1 vertical
σ3 radial

(finite element calculation for 1/4 of cylinder)

σ1/σ3:          1.0                  1.33                 2.0                3.33                4.00                   ∞

σ1 contours:

Influence of stress field (stress concentrations):
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stress trajectories in cylinder
σ1 vertical
σ3 radial

(finite element calculation for 1/4 of cylinder)

for applied     σ1/σ3:          1.0 (hydrostatic)            4.00  (axial load)

contours of σ1/σ3:
(ratio > 4 = grey)

Influence of stress field (shape of sample):
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Influence of true triaxial conditions:

τoct = 1/3 √ [(σ1-σ2)
2 + (σ2-σ3)

2 + (σ3-σ1)
2]

pm = 1/3 (σ1 + σ2 + σ3)

τoct = A· (σ1 + σ3)
n

(0.56 < n < 0.89)
Van Mises criterion:

√ ( J2 ) = K

Tresca criterion:

(σ1-σ3) = 2 K
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Paterson, M. S. & Teng-fong Wong (2005): 
Experimental rock deformation - the brittle filed. 
Springer-Verlag, Berlin.
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! σmax / σ = 1 + 2a/b

σmax max. stress at end of major axis

σ applied stress
2a! major axis
2b! minor axis
ρ! radius of curvature

Stress concentration factor  (Inglis, 1913)
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σmax / σ = 1 + 2a/b

Curvature:

ρ = b2/a

σmax = σ [1 + 2√(a/ρ)]

For a>>ρ:

σmax ≈ 2σ √(a/ρ)

Stress concentration:
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! U - U0 = - π σ2a2t / E  +  4atϒs

U! potential energy of body with crack
U0! potential energy of body without crack

σ applied stress
a! one half crack length
t! thickness
E! module of elasticity
ϒs! specific surface energy

Griffith cracks  (Griffith, 1920)
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U - U0 = - π σ2a2t / E  +  4atϒs

Rewriting:

U =   4atϒs -  π σ2a2t / E   + U0

Equilibrium, i.e., stable crack length:
First derivative:

∂U/∂a = 0
∂U/∂a =  4tϒs -  2π σ2at / E   = 0

note:
∂U0/∂a =  0   since  U0does not depend on a
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∂U/∂a =  4tϒs -  2π σ2at / E   = 0

Equilibrium condition:

2tϒs =  π σ2at / E

Nature of equlibrium:
Second derivative:

∂U2/∂a2 = 0

∂U2/∂a2 = -2π σ2t / E

Negative, i.e., crack will grow
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2tϒs =  π σ2at / E

Griffith:

σ = √ (2E ϒs/ πa)! for plane stress

σ = √ (2E ϒs/ πa(1-

ν2))!for plane strain

ν! Poisson's ratio  ≈ 0.25 to 0.33:

σ ≈ √ (2E ϒs/ πa)! for plane strain also...
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mode I –  opening or tensile mode, where the crack surfaces move 
directly apart
mode II – sliding or in-plane shear mode,  where the crack surfaces slide 
over one another in a
mode III – tearing or antiplane shear  mode, where the crack surfaces 
move relative to one another and parallel to  the leading edge of the crack

!• plane strain – thin plate and σz = 0; 2D strain / 3D stress
!• plane stress – thick  sections; 2D stress / 3D strain

Fracture modes
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τ

σ
τo 

2φ (low pc)   <   2φ (high pc)
τ/σ = max

Coulomb OK? Orientation of failure/fracture surface

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.
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Coulomb OK? Stress at failure

φ

prediction by Coulomb- Mohr
failure along surface where
τ/σ = max

in reality at low pc
extension cracks
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Influence of anisotropy
 

Δσfailure = f(σ3, orientation)

Paterson, M. S. 1978: Experimental rock deformation 
- the brittle filed. Springer-Verlag, Berlin.

Cartesian plot                   Polar plot

Differential stress at failure as function of α
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8
Cataclasites: grain size, 

shape and fractals
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Deformationsprozesse in der Erde (8) (8b)
cataclasites: grain size, shape and fractals
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Wilson et al. 2005, Nature 434, p.749
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Wibberley & Shimamoto 2005, Nature 436, p.689
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Chester et al. 2005, Nature 437, p.133
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experimentally produced fault rock

cracked

gouge

qtz

ksp
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General idea:

intact rock - faulting - healing - intact rock

cracked in situ - cracked moved - - - - - - gouge
!                                     phase mixing                                          
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experimentally produced fault rock
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experimentally produced fault rock
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Spatial distribution of grain size distribution
D-mapping

! area of
! matrix! measured D
qtz fractured (grey)! 38%! 1.6
qtz gouge (grey)! 68%! 2.0
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Grain size distribution - "Fractal dimension"

D
1 2.8074
2 2.5850
3 2.3219
4 2.0000
5 1.5850
6 1.0000
7 0.0000

E      
1 0.1926
2 0.4150
3 0.6781
4 1.0000
5 1.4150
6 2.0000
7 3.0000

E = 3-D
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Grain size distribution 2D - 3D

probability of sectioning cube
is inverse proportional to size:

D(3D)  - 1.00 = D(2D) 
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D ! area%! area%
! (size<1/8)! (size<1/16)
! (chessboard)

2.81! 66.99!58.62
2.58! 42.19!31.64
2.32! 24.41!15.26
2.00! 12.50! 6.25
1.58! 5.27! 1.98
1.00! 1.56! 0.39
0.00! 0.20! 0.02

Grain size distribution
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D-map

high D

low D
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D-map
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D-map
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Grain size distribution of Nojima fault rock
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=> Shape descriptors based on:

"excess" perimeter! PARIS factor (%)
! deltP (%)

"excess" area! deltA (%)

convex/concave vertices! histogram of angles
! mean, range, angles < 0°

cracked in situ
cracked moved
gouge
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Shape 

LONG AXIS! L! longest projection
SHORT AXIS! S! shortest projection
PERIMETER ! P! length of original outline
AREA ! A! area of original shape

EQUIVALENT PERIMETER ! Pequ! perimeter of circle with same area

! ! = 2πRequ ;   where Requ= √(A/π)

    A! ! !         A
! ! ! Pequ

! L! S

Requ
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Shape

PERIMETER OF ENVELOPE ! E! length of outline of envelope

AREA OF ENVELOPE ! AE! area of outline envelope
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Shape

SHAPE FACTOR F! P / Pequ! (so-called "fractal dimension")

EXCESS PERIMETER!
PARIS(%) ! 2· ((P-E) / E) · 100
deltP(%)  ! ((P-E) / P ) · 100

EXCESS AREA
deltA(%) ! ((AE-A) / AE ) · 100
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Angles

ANGLE  AT  VERTEX:

SUM OF ANGLES OF POLYGON   
∑α = 360°

POSITIVE ANGLES = CLOSING
CONVEX! ! α > 0°
CONCAVE! ! α < 0°

MEAN! ∑ [h(α)· α]    where ∑ h(α) = 1.00

ANGLE < 0°! ∑ [h(α)· α]    for α < 0°

EXTREMA! αmax and αmin

RANGE! αmax - αmin
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Shape

measures of concavity / lobateness vs. aspect ratio:
paris ! = indented surface area %
deltA ! = excess area of envelope %

cracked in situ
cracked moved
gouge
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Angles

positive = convex
negative = concave

cracked in situ
cracked moved
gouge

median
8.943

11.916
16.144

std.dev.
38.009
35.524
32.144

% <0°
28.4
24.0
17.8
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Shapes & angles of Nojima fault rock
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PROBLEMS:

define area of
homogeneity

magnification (cascade)

differentiate shape -
shape descriptor

grain size
! linear? - log?
! 2-D? - 3-D?

cut-off grain size

....
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50x

200x

800x

Example: quartz gouge: load cycling 100MPa ϒ=1.3

D=1.38±0.21

D=1.35±0.21

D=0.36±0.26
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50x

200x

load cycling 20MPa ϒ= 2.3

30x

300x

load cycling 100MPa ϒ= 2.9
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image SXM / NIH Image

threshold (level=60)
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image SXM / NIH Image

invert (area=black)
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image SXM / NIH Image:

analyze options
- area
- perimeter

export results

     Kaleidagraph:
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Kaleidagraph:

calculate equivalent radius

Statistics:
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Kaleidagraph:

prepare histograms

(copy to clipboard)
(copy to new file)
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Kaleidagraph:

prepare histograms

(copy to clipboard)
(copy to new file)
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8
Cataclasites: grain size, 

shape and fractals
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SEM

segmentation

image analysis of
particles:

     shape, size, ...

     grain size distribution

     fractal dimension

fault gouge

Deformationsprozesse in der Erde (8)
Cataclasites: grain size, shape and fractals
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PROBLEMS:

define area of
homogeneity

magnification (cascade)

differentiate shape -
shape descriptor

grain size
! linear? - log?
! 2-D? - 3-D?

cut-off grain size

....
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50x

200x

800x

Example: quartz gouge: load cycling 100MPa ϒ=1.3

D=1.38±0.21

D=1.35±0.21

D=0.36±0.26
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50x

200x

load cycling 20MPa ϒ= 2.3

30x

300x

load cycling 100MPa ϒ= 2.9
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image SXM / NIH Image

threshold (level=60)

281



image SXM / NIH Image

invert (area=black)
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image SXM / NIH Image:

analyze options
- area
- perimeter

export results

     Kaleidagraph:
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Kaleidagraph:

calculate equivalent radius

Statistics:
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Kaleidagraph:

prepare histograms

(copy to clipboard)
(copy to new file)
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Kaleidagraph:

prepare histograms

(copy to clipboard)
(copy to new file)
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9
Griffith failure

299



Deformationsprozesse in der Erde (9)
Griffith failure

300



Mode of failure

Pollard, D.D. & Fletcher, R.C., 2005
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Concept of virtual work

Pollard, D.D. & Fletcher, R.C., 2005

stiff machine = stable: 
Cm > Cs

soft machine = unstable: 
Cm < Cs
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Failure surface

Pollard, D.D. & Fletcher, R.C., 2005
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Effective pressure (Terzaghi)

Pollard, D.D. & Fletcher, R.C., 2005
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0.00 0.25 0.50 0.75 1.00

force
energy

displacement

! τ  = τm sin(2πx / b)

τ applied stress
b! distance between equilibrium position
x! distance atoms are moved
τm!max. theoretical strength of crystal

Strength of perfect crystal

0                  b/2                   b
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τ  = τm sin(2πx / b)

Hooke's law:       τ  = G· ϒ

approximations for small x:
ϒ  ≈ x/a ;     sin(2πx / b) ≈ (2πx / b)

G· x/a ≈ τm (2πx / b)

τm ≈ G· b / 2πa

For most crystals:  a ≈ b

τm ≈ G / 2π
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Maximum theoretical shear strength:

τm ≈ G / 2π

! theory! experimental 

material! G/2π! yield strength
! (GPa)! (MPa)

Copper! 19.6! 0.49
Iron! 33.9! 27.5
Beryllium (basal slip)! 49.3! 1.37
Beryllium (prism slip)! 49.3! 52.0
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0.00 0.25 0.50 0.75 1.00

force
energy

displacement

! σ  = σc sin(2πx / λ)

σ applied stress
x! distance atoms are moved
σc! max. theoretical cohesive strength

! x<<λ

Theoretical cohesive strength of perfect crystal

0                  λ/2                   λ
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σ  = σc sin(2πx / λ)!

For small x:

σ  = σc · 2πx / λ

Slope of curve:

dσ/dx  = σc · 2π / λ (1)

Hooke's law:       σ  = E · (x/a0)

E! modulus of elasticity
a0! equilibrium atomic separation
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Differentiating Hooke's law:

dσ /dx = E /a0! (2)

Combining (1) and (2)

σc = Eλ / 2πa0! (3)

For a0 ≈ λ/2:

σc ≈ E / π
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Maximum theoretical cohesive strength:

σc ≈ E / π

! theory! experimental 

material! E! σf E/σf
! (GPa)! (MPa)

Silica fibers! 97.1! 24.1! 4
Ausformed steel! 200.1! 3.13! 64
Piano wire! 200.1! 2.75! 73
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Energy of fracture process:

fracture work: ∫ σc sin(2πx / λ) dx =  σc λ/π

work done to create two new fracture surfaces 2ϒ

Insert in:

σc = Eλ / 2πa0! (3)

σc = √ (E·ϒ/a0)

see Hertzberg (1976)

λ/2

0
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! σmax / σ = 1 + 2a/b

σmax max. stress at end of major axis

σ applied stress
2a! major axis
2b! minor axis
ρ! radius of curvature

Stress concentration factor  (Inglis, 1913)
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σmax / σ = 1 + 2a/b

Curvature:

ρ = b2/a

σmax = σ [1 + 2√(a/ρ)]

For a>>ρ:

σmax ≈ 2σ √(a/ρ)
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! U - U0 = - π σ2a2t / E  +  4atϒs

U! potential energy of body with crack
U0! potential energy of body without crack

σ applied stress
a! one half crack length
t! thickness
E! module of elasticity
ϒs! specific surface energy

Griffith cracks  (Griffith, 1920)
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U - U0 = - π σ2a2t / E  +  4atϒs

Rewriting:

U =   4atϒs -  π σ2a2t / E   + U0

Equilibrium, i.e., stable crack length:
First derivative:

∂U/∂a = 0
∂U/∂a =  4tϒs -  2π σ2at / E   = 0

note:
∂U0/∂a =  0   since  U0does not depend on a
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∂U/∂a =  4tϒs -  2π σ2at / E   = 0

Equilibrium condition:

2tϒs =  π σ2at / E

Nature of equlibrium:
Second derivative:

∂U2/∂a2 = 0

∂U2/∂a2 = -2π σ2t / E

Negative, i.e., crack will grow
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2tϒs =  π σ2at / E

Griffith:

σ = √ (2E ϒs/ πa)! for plane stress

σ = √ (2E ϒs/ πa(1-

ν2))!for plane strain

ν! Poisson's ratio  ≈ 0.25 to 0.33:

σ ≈ √ (2E ϒs/ πa)! for plane strain also...
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mode I –  opening or tensile mode, where the crack surfaces move 
directly apart
mode II – sliding or in-plane shear mode,  where the crack surfaces slide 
over one another in a
mode III – tearing or antiplane shear  mode, where the crack surfaces 
move relative to one another and parallel to  the leading edge of the crack

!• plane strain – thin plate and σz = 0; 2D strain / 3D stress
!• plane stress – thick  sections; 2D stress / 3D strain

Fracture modes
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Crack interaction (Segall & Pollard, 1980)
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mean stress mean stress

shear stress shear stress

Crack interaction (Segall & Pollard, 1980)
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max.tension max.tension

local shear failure local shear failure

Crack interaction (Segall & Pollard, 1980)
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web sites:
http://en.wikipedia.org/wiki/Fracture_mechanics

books:
Pollard, D.D. & Fletcher, R.C., 2005, Fundamentals of Structural 

Geology, Cambridge University Press
Hertzberg, R.W., 1976, Deformation and Fracture Mechanics of 

Engineering Materials, John Wiley
Jaeger, J.C. & Cook, N.G.W., 1969, Fundamentals of Rock 

Mechanics, Chapman & Hall

articles:
Segall, P. & Pollard, D.D., 1980, JGR 85, p.4337-4350
Griffith,  A.A., 1920, Phil.Trans. Roy. Soc. Lond., 221, 163-198
Inglis, C.E., 1913, Proc. Naval Architects, 219-241
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Pressure solution
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Deformationsprozesse in der Erde (10)
Pressure solution
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Pressure solution is an important deformation mechanism 
in rocks under conditions of low grade metamorphism. 
It leads to structures that are characterized by
solution! mass transfer! precipitation
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Definition

Pressure solution:

A phenomenon of diffusive mass transfer in polycrystalline 
material in response to variations of normal stress. When 
solid state grain boundaray diffusion is rate controlling, (...) 
this process is known as Coble creep. Pressure soluton 
may formally be treated as Coble creep (Elliot (1973).

If fluid phase is present along grain boundaries and in 
pores then the solvent will provide pathways of relatively 
high diffusivity (Atkinson & Rutter, 1975). This predicts 
significant strain rates at low temperature and a diffusion 
controlled deformation mechanism (Rutter, 1976)
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Kink folds, Chaines Subalpine (Panozzo, 1984)
GEOMETRY & KINEMATIC DESCRIPTION
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Stylolites in carbonates, Chaines Subalpine (Panozzo, 1984)
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Stylolites in carbonates, Chaines Subalpine (Panozzo, 1984)
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Schrägstylolithe (Plessman, 1972)
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Slickensides - crystal fibres (Durney & Ramsay, 1973)
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Tension veins (Price & Cosgrove, 1990, Durney & Ramsay, 1973)
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STRAIN INTERPRETATION
Fibrous vein filing, Durney & Ramsay, 1973)
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Chocolate tablet structure (Ramsay & Huber, 1983)
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Pressure shadows (Ramsay & Huber, 1973)
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DEFORMATION HISTORY
Pressure shadows ( Etchecopar & Malavielle, 1987)
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Crack - seal (Gratier, 1984)
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Deformation history (Casey, Dietrich & Ramsay, 1983)
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Stylolites = source
Extension cracks  = sink

MICROSTRUCTURES
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Source & sink
!                      (thin section +Pol)
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pressure solution: 
diagenetic! tectonic               (polished surface)
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pressure 
solutiondiagenetic! tectonic               (thin section +Pol)
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Boer, R.B. de, 1977 - Thermodynamics of pressure solution

EXPERIMENTS
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Rutter, E.H., 1976
The kinetics of rock deformation by pressure solution
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Dissolution (Engelder, 1982, Sprunt & Nur, 1977)
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Dissolution (Engelder, 1982, Sprunt & Nur, 1977)
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Kamb, 1961

PRESSURE SOLUTION - THEORY
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pro memoria:
Nabarro, .R.N., 1948 
Deformation of crystals by the motion of single atoms

diffusion through bulk

Creep mechanisms
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Elliott, D., 1973 - Diffusion flow laws in metamorphic rocks

Pressure solution = Coble creep
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Pressure solution - deformation mechanism map

Rutter, E.H., (1976) The kinetics of rock deformation by pressure 
solution, Phil. Trans. R. Soc. Lond., A, 283, 203-219
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MICROMECHANICS
Geometry of stylolites
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Weyl, P.K., 1959 - Pressure solution and the force of crystallization 
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Weyl, P.K., 1959 - Pressure solution and the force of crystallization 
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Anti-crack model (Fletcher & Pollard, 1981)
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Pressure solution cleavage (Alvarez et al., 1976)

PRESSURE SOLUTION - LARGE SCALE
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Pressure solution - “viscous component of folding”
Laubscher (1975)

357



Polarisation SEM
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SEM Cathodoluminescence CL
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Cathodoluminescence CL SEM
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Cathodoluminescence CL SEM
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Flow and fracture
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Deformationsprozesse in der Erde (11)
Flow and fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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Ashby, M.F. & Verrall, R.A., 1977 Micromechanisms of flow and 
fracture
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12
Flow laws & deformation 

mechanism maps
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Deformationsprozesse in der Erde (12)
Flow laws & deformation mechanism maps
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Deformation Mechanism Map

Simplified deformation mechanism map showing mineral response 
relative to temperature and differential stress (from Davis and 
Reynolds, Structural Geology of Rocks and Regions, 1996).
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Deformation Mechanism Map
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.

1 Defectless flow

theoretical strength
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.

2 Dislocation glide

dislocation glide
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.

3, 4 Diffusional creep

3 Coble creep

4 Nabarro-Herring creep
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.

3, 4 Diffusional creep

3 Coble creep

4 Nabarro-Herring creep
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Deformation Mechanism Map Ashby, M.F. (1972)
A first report on deformation 
mechanism maps.  
Acta Met. 20, 887-897.

5 Dislocation creep

dislocation creep
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Mechanical data for nonobtainium from experiments

STEP 1: derive flow stress from 
stress-strain plots for various 
temperatures and strain rates

NOTE:  
The data presented in the 
following is for nonobtainium IX, 
i.e., not for the  material used in 
terranauting...
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Mechanical data for nonobtainium from experiments
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Mechanical data for nonobtainium from experiments
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ε ln(ε) Δσ(MPa) ln Δσ

3. e-06 -12.717 20.00 2.9957

9. e-06 -11.618 25.00 3.2189

3. e-05 -10.414 50.00 3.9120

8. e-05 -9.4335 100.00 4.6052

3. e-04 -8.1117 200.00 5.2983

Test at constant temperature (1200°C)

STEP 2: 
Use log-log plots of steady state differential 
stress versus strain rate plots to derive 
stress exponent n (slope = 1/n)
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1 / n = 0.52572
n = 1.92

.
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T(°C) 10000/T(K) Δσ(MPa) ln Δσ

1200.0 6.7889 20.00 2.9957

1100.0 7.2833 25.00 3.2189

1000.0 7.8555 50.00 3.9120

900.00 8.5251 100.00 4.6052

800.00 9.3197 200.00 5.2983

Test at constant strain rate (3·10-6 s-1)

STEP 3: 
Use Arrhenius plot of steady state 
differential stress vs. inverse temperature to 
obtain activation energy Q 
(slope = Q/n· R) 
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slope = 0.95336
Q = 1.507·105 J / mole
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STEP 4: Select appropriate flow law

exponential    = A · exp ( -Q / RT) · exp (σ / σ0) 

power law    = A · exp ( -Q / RT) · σn 

grain size sensistive    = A · exp ( -Q / RT) · dm · σn 

   = strain rate (s-1), 
Q = activation energy (kJ/mol), 
R = Gas constant (8.314 J/ (molK) ) 
T = temperature (K), 
σ = flow stress (MPa), 
d = grain size (μm) 
n = stress expeonent (n>0),  
m = grain size exponent (m<0) 

ε.

ε.

ε.

ε.
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exponential    = A · exp ( -Q / RT) · exp (σ / σ0) 

power law    = A · exp ( -Q / RT) · σn 

grain size sensistive    = A · exp ( -Q / RT) · dm · σn 

ε.

ε.

ε.
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STEP 4: (Select appropriate data)
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STEP 5: Plot files 
Use GnuPlot and "Non.dem" and "DataNon"
Start gnuplot and type: load "Non.dem" 
Open "DataNon" in an editor and test influence of Q, n, A and m by changing the values. 
Obtain different plots by permutating the plot-blocks in "Non.dem" 
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influence of grain size

Ashby, M.F., (1972) A first report on deformation mechanism maps, 
Acta Met., 20, 887
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pressure solution
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Rutter, E.H., (1976) The kinetics of rock deformation by pressure 
solution, Phil. Trans. R. Soc. Lond., A, 283, 203-219

pressure solution
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pressure solution
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Deformation Mechanism Map
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1-For high stress regime 
exponential flow law 
σ0 = 100.0     σ = 100.0 
Q = 50000.0 
A = 10
T= 400 - 1200K
c4=10^4*exp(50000/(8.314*c0))*exp(1)
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 = A · exp ( Q / RT) · exp (σ / σ0) ε.

4

Deformation Mechanism Map
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2-For intermediate stress regime 
power law with high n value 
n = 8.0     
Q = 100000.0      σ = 100.0
A = 10
T = 400 - 1200K
c1=10^-5*exp(-100000/(8.314*c0))*100^8
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-5

Deformation Mechanism Map
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3-For low stress regime 
power law with low n value 
n = 3.0 
Q = 100000.0      σ = 100.0
A = 10
T = 400 - 1200K
c2=10^3*exp(-100000/(8.314*c0))*100^3
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= A · exp ( -Q / RT) · σnε.

3

Deformation Mechanism Map
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4-For grain site sensitive flow 
powerlaw with 
very low n value (n=1.0), grain size dependence m=-3.0 d=2 
Q = 50000.0      σ = 100.0
A = 10
T = 400 - 1200K
c3=10^4*exp(-50000/(8.314*c0))*100*2^-3
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 = A · exp ( -Q / RT) · dm · σn ε.

Deformation Mechanism Map

409


